], Kim et al. presented some identities for the Bernoulli numbers of the second kind using differential equation. Here we use this differential equation in a different way. In this paper, we deduce some identities of the degenerate Daehee numbers with the Bernoulli numbers of the second kind of order r.
Introduction
For any real number x and nonnegative integer n, throughout this paper, we denote (x) n for falling factorial (x) n = x(x − 1)(x − 2) · · · (x − n + 1) and (x) 0 = 1 and S 1 (m, n) and S 2 (m, n) denote the Stirling number of the first kind and the second kind, respectively. The n-th Bernoulli numbers are denoted by B n . The definition of these numbers follows [21] .
It is well-known that the n-th Daehee numbers of order r, denoted by D t n n! , (see [4, 5, 23, 24] ).
In the special case r = 1, D where B m , S 1 (n, m) and S 2 (n, m) are the m-th Bernouli numbers, the Stirling numbers of the first kind and the second kind, respectively (see [1, 12] ). The Bernoulli numbers of the second kind of order r ( [21] ) which are also called the Cauchy numbers of the first kind [19] , denoted by b (r) n , are defined by the generating function
, (see [13, 15, 20, 22] ).
In [17] , Kim et al. showed that the following identity holds for the Bernoulli numbers of the second kind
Following Carlitz [2] , several types of degenerate numbers have been presented and research has been carried out (see [3] , [16] ).
In [10] the degenerate Cauchy numbers of the first kind, which also are named the degenerate Bernoulli numbers of the second kind, denoted by b n,λ , are introduced as follows:
The degenerate Daehee numbers, denoted by D n,λ , are introduced as follows (see [8] ):
If λ goes to 0, then b n,λ and D n,λ converge to b n and D n , respectively. Recently, a group of mathematicians used a differential equations to study special numbers. In [6] , the Daehee numbers are considered by using differential equations arising from the generating function. New identities were obtained for degenerate Daehee numbers [8] and for Frobenius-Euler polynomials [9] using linear and nonlinear differential equations. Using differential equations, new identities for Bernoulli numbers of the second kind were obtained in [12] , for degenerate Euler numbers and polynomials in [14] , and for Laguerre polynomials in [18] . Jang and Kim presented some identities of the ordered Bell numbers arising from differential equation [7] .
In [8] , authors presented some identities of degenerate Daehee numbers arising from nonlinear differential equations. The differential equation is deduced by the function
So, naturally, it is valuable to study what happen if F is selected as follows:
In [21] , Kim et al. studied the function F = F(t) = 1 log(1+t) . Some identities for the Bernoulli numbers of the second kind were deduced.
Nevertheless, in the study of (1.1), we can find some interesting identities for degenerate Daehee numbers with the Bernoulli numbers of the second kind.
In [21] , Kim et al. presented some identities for the Bernoulli numbers of the second kind using differential equation. We use this differential equation in a different aspect. In this paper, we deduce some identities of the degenerate Daehee numbers with the Bernoulli numbers of the second kind.
Differential equations arising from the generating function of degenerate Daehee numbers
In [21] , Kim et al. showed that the function
, satisfies the following differential equation
where a 1 (N) = 1 and for 2 i N
Let us consider the function
, for which one can easily obtain
And by taking the similar process to [21] , we get
where the coefficients a i (N) are the same as in (2.1).
From [21] , we get
The conditions of a i (N) follow the Stirling numbers of the second kind, therefore we assume that (2.3) equals to
We can easily show that (2.4) is true for N = 1, 2 and this is already proved in [21] . Assume that it is true for N. We differentiate on the both sides of (2.4), 5) and multiply by (1 + λt) on the both sides of (2.5)
Applying the identity (2.2) to (2.6), we get
Hence, we get
Therefore we get the following Lemma 2.1 and Corollary 2.2.
Lemma 2.1. For N ∈ N, the differential equation
.
Corollary 2.2.
For N ∈ N, the following identity holds.
Some identities of degenerate Daehee numbers with the degenerate Cauchy numbers of the second kind
In [9] , the degenerate Cauchy numbers which are also called the degenerate Bernoulli numbers of the second kind, denoted by b n,λ , are defined by
In [11] , Kim introduced the degenerate Cauchy numbers of the second kind, denoted by C n,λ , which are given by the generating function to be
We represent some relations between the degenerate Bernoulli numbers of the second kind and the degenerate Daehee numbers.
According [9, Theorem 2.4], C 0,λ = 1, therefore we get
From (3.1), we obtain
For brevity, let
and
We observe (3.5) in [21] ,
Similar to (3.5), we obtain
From (3.2), (3.3), (3.4) and (3.6), we get the following theorem. 
From (3.3), we get the k-th derivative of F 1
where
t r r! . From (3.4), also we get the k-th derivative of F 2
From (3.7), we have
From (3.8), we get the following equation
By changing the variable of exponent N − k + j of t to n, the right side of (3.10) becomes
where α = N + j − n. From (3.9), we get (3.11)
where β = n − N − 1, and , β = n − N − 1. The left hand side of (2.8) becomes
From (2.8), (3.11), (3.12) and (3.13), we get the following theorem.
Theorem 3.2.
For positive integer N ∈ N, the following holds:
where α = N + j − n; ,β = n − N − 1.
Additional remark
We define higher-order sub-degenerate Daehee numbers, denoted by d 
